Extensive simulations were carried out to investigate the crossover between the hydrodynamic regime at intermediate stage and the thermal fluctuation regime at late stage in a phase-separating binary fluid/surfactant system in two dimensions. The existence of the crossover and its dependence on the surfactant concentration were analyzed using Kawasaki and Ohta's interface kinetic equation ͓Physica A 118, 175 ͑1983͔͒. The analysis showed that there should exist a critical surfactant concentration, above which thermal fluctuations dominate phase separation at all times. Simulations suggested that the crossover exists and the hydrodynamic regime shrinks when surfactant concentration increases. Simulations also demonstrated that the trapped surfactants seen in a previous study ͓Phys. Rev. E 59, 2109 ͑1999͔͒ can remain trapped for a time much longer than the time needed to form well segregated domains, in spite of the presence of significant thermal fluctuations.
I. INTRODUCTION
One of the major concerns in the numerical study of phase separation of fluids lies in the examination and confirmation of the dynamic scaling hypothesis and the determination of the growth exponent that describes the growth of the average domain size ͓1͔. The hypothesis has been confirmed in many numerical studies of various systems and the growth exponent determined usually is consistent with theoretical predictions. The exponent is known to depend on many factors. Dimensionality, viscosity, and inertial effects are among the better known factors that affect the value of the exponent ͓1͔. Depending on the relative importance of these factors, there can exist crossovers at which the growth exponent changes from one value to another ͓2͔. Less is known about the effects of impurities ͓3͔, surfactants ͓4-6͔, and boundary conditions ͓7͔ on the dynamic scaling hypothesis, growth exponents, and associated crossovers.
When the binary fluid contains a third component such as impurities or surfactants, its phase separation kinetics becomes more complicated. Many researchers have attempted to determine the growth exponent. Scaling laws that are more sophisticated than the simple algebraic scaling seen in the pure binary fluid have also been proposed. For the case of binary fluid/surfactant, it is unclear whether dynamic scaling holds and, if it holds, what are the growth exponents in different regimes. To determine the growth exponent usually one examines the growth of the average domain size R as a function of time ͑more precisely, the number of time steps͒ and fits the data according to a presumed scaling form such as R(t)ϳt ␣ or R(t)ϳ(log t) ␣ . When the presumed scaling law can fit the data reasonably well over a sufficiently wide range of time, it is tempting to conclude that the growth follows the proposed growth law and the growth exponent is given by the optimal ␣. In a previous study by one of us this procedure was questioned ͓8͔. The system examined in Ref.
͓8͔ does not exhibit dynamical scaling. Nevertheless, it was found that the domain growth could be fitted by R(t)ϳt
␣ and R(t)ϳ(log t)
␣ equally well even when dynamical scaling does not hold. This fact prompted one of us to examine the validity of fitting data using simple scaling forms. It was argued that, even when dynamic scaling truly holds, namely, even when a single length scale dominates the system, the scaling of this length scale in a binary fluid/surfactant system can still be far more complicated than what a simple data fitting can encompass ͓9͔. The argument was based on a very general kinetic equation derived by Kawasaki and Ohta ͓10͔. We believe that any model for the binary fluid/surfactant system that is based on the time-dependent Ginzburg-Landau approach ͓11͔ falls within the range of this kinetic equation and the argument in Ref. ͓8͔ applies. Accordingly, trying to hypothesize simple scaling forms and determine their associated growth exponents in a complicated system such as a binary fluid containing surfactants very likely will lead to disagreement between simulations, as seen in the literature. Hence, for complicated system such as binary fluid/ surfactants, it may not be meaningful to debate which hypothetical scaling law gives the best description and to determine the corresponding growth exponents.
However, regardless whether the dynamic scaling holds or not in systems more complicated than binary fluids, it is still meaningful, as it is for binary fluids, to investigate the possible crossovers in the binary fluid/surfactant system. We know for certain that, whether the dynamic scaling or simple hypothetical scaling laws hold or not, a binary fluid containing surfactant should gradually approach a stationary state in which the average domain size is largely determined by the surfactant concentration. Thermal fluctuations presumably dominate this regime. On the other hand, when the surfactant concentration approaches zero, a binary fluid/surfactant system reduces to a binary fluid, so hydrodynamics should resume its dominance in phase separation, as it does in pure binary fluids. Therefore, there should exist a crossover at which the main driving force of the phase separation changes from hydrodynamics to thermal fluctuations. When the crossover will set in apparently depends on the amount of surfactant in the system. One of the purposes of this paper is to investigate the existence of this crossover, its sharpness, and its dependence on the surfactant concentration.
Most numerical studies on the phase separation kinetics of binary fluid/surfactant systems ignore hydrodynamic effects in order to render the simulations more computationally economic. It is, however, paradoxical to study a complex fluid without considering its fluid nature. Attempts to include hydrodynamics exist, but within the Ginzburg-Landau approach ͓11͔, Refs. ͓12͔ and ͓8͔ are probably the only simulations that include hydrodynamic effects. An interesting phenomenon observed when hydrodynamics is included is the trapping of surfactants in the domains of the binary fluid ͓8͔. This phenomenon can be easily explained in terms of the equation of motion for surfactants and, although the same reasoning also applies when hydrodynamics is not included, simulations show that only with the assistance of hydrodynamic convection can the domain walls move fast enough to trap the surfactants ͓8͔. It is natural to suspect that the surfactants are just temporarily trapped and thermal fluctuations, if included, will eventually help them migrate to the interfaces between fluid domains. To examine this, Ref. ͓8͔ attempted a preliminary simulation that included diffusion, hydrodynamics, and thermal fluctuations ͓13͔. However, although the thermal fluctuations were tuned to their maximum strength within the stability range of the simulation, the simulation time covered (5ϫ10 5 time steps͒ was too short. Another purpose of this paper therefore is to perform more extensive simulations, to 2.5ϫ10 6 time steps, to assess the lifetime of the trapped surfactants. This paper is organized as follows. Section II briefly describes the model and method used in simulations. Readers are referred to Refs. ͓8͔ and ͓14͔ for more details. Section III A discusses the results. There it is shown first theoretically that the crossover should exist and how it will depend on the surfactant concentration. This analysis is then compared with simulations. The crossover from the hydrodynamic to the thermal fluctuation regime observed in simulations can be located by two methods. The dependence of the crossover location on the surfactant concentration is analyzed. It also shows how changes in temperature and fluidity affect the crossover. Section III B shows that the trapping of surfactants seen in Ref. ͓8͔ can persist for an extremely long time. The implication of this long lifetime is discussed. Section IV concludes the finding of this paper.
II. MODEL AND SIMULATION METHOD
Consider a mixture of binary fluid and surfactant. Let (r,t) be the concentration difference between the two components of the binary fluid and (r,t) the surfactant concentration. The free energy of the system is given by ͓14͔
where the parameters w, d, a, u, e, s If the mixture is placed in a Hele-Shaw cell, its phase separation will be described by a set of kinetic equations ͓8͔,
͑2.2c͒
In Eqs. ͑2.2͒ M and M are transport coefficients and (r,t) and (r,t) are thermal fluctuations. The parameter c 2 Ͼ0 measures the significance of hydrodynamic effects, which influence the system through the flow field u(r,t). The products M c 2 and M c 2 give the relative contributions of diffusive effects and hydrodynamic effects.
Simulations are implemented on an LϫL square lattice nϭ(n x ,n y ) by using the the cell dynamic system ͑CDS͒ for fluids ͓16-18͔:
*͑n,t͒ϵ͑n,t͒ϩM ⌬ I͑n,t ͒ϩC ͑ n,t ͒, ͑2.3c͒ *͑n,t ͒ϵ͑ n,t ͒ϩM ⌬ J͑n,t ͒ϩC ͑ n,t ͒, ͑2.3d͒
͑n,tϩ⌬t͒ϭ*͑n,t͒Ϫ" •͓u͑n,t ͒*͑ n,t ͔͒, ͑2.3g͒
͑n,tϩ⌬t ͒ϭ*͑ n,t ͒Ϫ" •͓u͑n,t ͒*͑ n,t ͔͒, ͑2.3h͒
where F denotes the Fourier transform and ⌬t the time step size. The definitions for the CDS operators " , ⌬ , and 
III. RESULTS AND DISCUSSION
The number of time steps ͑i.e., number of iterations͒ in all simulations is 2. 
A. Crossover
To assist the analysis of the simulation results, we first consider theoretically whether the crossover from the hydrodynamic regime to the thermal regime exists and its dependence on the surfactant concentration. We extend the analysis given in Ref. ͓8͔ and consider the Kawasaki-Ohta interface kinetic equation with thermal fluctuations ͓10͔,
where denotes interface tension, K(a) is the mean curvature at a, a point on the interface, and h(t) is an auxiliary function to be determined by the conservation law. We will drop h(t) in the following argument because we are only interested in the interplay between thermal fluctuations and hydrodynamics. ⌬ e is the difference between the two equilibrium values. v(a) gives the interface speed at a along n(a), the unit normal vector to the interface at a pointing from a domain with Ͻ0 to an adjacent domain with Ͼ0. G(r,rЈ) is the Green's function that satisfies
under appropriate boundary conditions ͑determined by the geometry of a Hele-Shaw cell in our simulations͒. The thermal fluctuations (a,t) satisfy the following fluctuationdissipation relation:
͗͑a,t͒͑aЈ,tЈ͒͘
T"r(a),r(aЈ)… in Eqs. ͑3.1͒ and ͑3.3͒ is the Oseen tensor associated with Hele-Shaw geometry ͓8͔. Equations ͑3.1͒, ͑3.2͒, and ͑3.3͒ give the following stochastic equation that dictates growth of the characteristic length scale R(t):
where is a measure of the hydrodynamic effects. Equation ͑3.4a͒ shows that the crossover occurs when the surface tension term is approximately equal to the thermal fluctuation term. When the hydrodynamic effect is strong, it gives 2 ϳTR 2 .
͑3.5͒
This equation shows that, consistent with intuition, thermal fluctuations will eventually overwhelm the coupled effect of hydrodynamics and interface tension as R gets greater and meanwhile gets smaller when the system evolves into the late stage. The Kawasaki-Ohta equation, Eq. ͑3.1͒, assumes that the interface is infinitely sharp, so Eq. ͑3.5͒ can be applied only to the late stage of phase separation. However, we can extend its validity to a wider range by considering the physical meaning of the product 2 . This product is a measure of the joint effect of hydrodynamics and interface tension. In the very early stage, interface tension is large, but hydrodynamic convection is small, so their joint effect is small and thermal fluctuations dominate ͑Cahn-Hilliard-Cook regime͒. Once hydrodynamic convection is induced by interface motion, this joint effect dominates the system's evolution. Into the late stage, Eq. ͑3.5͒ applies, so thermal fluctuations will again dominate the system. Therefore, the left side of Eq. ͑3.5͒ can be schematically represented by a Gaussian-like curve, as shown in Fig. 1 . Figure 1 shows that one can qualitatively solve Eq. ͑3.5͒ by considering the intersections of the two curves representing the thermal fluctuations and the joint effect of hydrodynamics and interface tension. These intersections show that, in general, there should exist two crossovers, one (A in Fig. 1͒ for the first crossover from the thermal regime to the hydrodynamic regime and one (B in Fig. 1͒ for the second crossover back to thermal regime. To see how surfactant concentration affects these crossovers, consider two systems, one with high surfactant concentration and the other with low surfactant concentration. At the same characteristic length scale, 2 for the system with high surfactant concentration is expected to be smaller because the interfaces can be covered by surfactants more completely ͑especially at the late stage͒ and slower evolution makes convection less significant. Therefore, the curve representing the 2 term ͑the dashed curve in Fig. 1͒ should lie beneath that for the system with low surfactant concentration. It can be seen from Fig. 1 that at higher surfactant concentrations, the two crossovers A and B will get closer and eventually disappear, namely, thermal fluctuations will dominate the system at all times if the surfactant concentration is higher than a critical concentration. Therefore, the interval in 1/R in which hydrodynamics dominates is expected to be shorter when surfactant concentration increases. ͑This does not imply that it will take a shorter time for systems with high surfactant concentration to reach the crossover. These systems evolve more slowly, compared with systems with lower surfactant concentration, so whether this is the case also depends on the rate at which 1/R goes from A to B.͒ Now let us turn to simulation results. Figure 2 shows the domain growth for individual samples at each surfactant concentration. While the transition at which the system becomes more susceptible to thermal fluctuations is rather discernible at ͗͘ϭ0.35 and 0.4, it is not clear whether this transition exists at ͗͘ϭ0.25 and 0.5. However, observations based on individual samples can be illusory and we shall demonstrate below that the ensemble average suggests that the growth at ͗͘ϭ0.25 is still dominated by hydrodynamics regardless of the ͑accidental͒ great fluctuations over samples. The growth of average domain size for surfactant concentrations ͗͘ ϭ0.25, 0.35, 0.4, and 0.5 is shown in Fig. 3 . The figures display the behavior of ensembles of various size. An individual sample's behavior can be roughly inferred by comparing the growth curves of ensembles whose sizes differ by one sample ͓19͔. Figure 4 summarizes all the domain growth curves. ͑See Ref. ͓8͔ for the definition of the inverse characteristic length scale ͗k ͘ used here.͒ For all surfactant concentrations, an intermediate stage where the growth curve exhibits a definite slope, regardless of the number of samples included, can easily be discerned. This easily discernible slope is a sign that the system is dominated by a deterministic driving force-hydrodynamics. This in turn implies that none of the systems simulated has surfactant concentration high enough to allow thermal fluctuations to be dominant at all times. Into the late stage, the growth curve for systems with lower surfactant concentrations shows a sudden change in slope and those for systems with higher surfactant concentrations exhibit the onset of growing fluctuations. The slope change and the onset of growing fluctuations suggest that the system has crossed the crossover and is no longer entirely dominated by hydrodynamics. At lower surfactant concentrations, regardless of the number of samples included in the average, one can still see a clear growth slope in the late stage, implying that hydrodynamics is still substantially responsible for the domain growth. On the other hand, at higher surfactant concentrations, it becomes more difficult to see the slope in the late stage. This suggests that the thermal fluctuations have already significantly overwhelmed hydrodynamics. Thus, systems with higher surfactant concentration do appear to have a smaller interval in ͗k͘ where hydrodynamics dominates ͑the corresponding interval in time, accidentally, is also shorter͒. Because the crossover may not be very sharp, it is more difficult to locate the crossover and determine its dependence on surfactant concentration more quantitatively. At low surfactant concentrations, since the growth curve still shows anunambiguous constant slope in the late stage, the crossover can be located by fitting the data ͓20͔ that are away from, before and after, the crossover separately and finding the FIG. 1. Solution of Eq. ͑3.5͒ can be determined from the intersections of the joint effect of hydrodynamics and interface tension, represented by the Gaussian-like curve, and the thermal effect, represented by the hyperbolic curve. The system represented by the dashed Gaussian-like curve has higher surfactant concentration than the system represented by the solid Gaussian-like curve ͑see text͒. The solution A is the crossover from the thermal regime to the hydrodynamic regime at early times, whereas solution B is the second crossover back to the thermal regime. When temperature is increased, the hyperbola moves outward, as indicated by the bold arrow, narrowing the interval in 1/R ͑and, therefore, in time͒ between the two crossovers. The thin arrow indicates the direction of phase separation. Point C is a measure of the joint effect of hydrodynamics and interface tension at a very late stage. It is expected to be very small. Combining this with the fact that this joint effect is also small in the very early stage, a Gaussian-like curve serves as a qualitative estimation of the joint effect.
intersection of the two optimal curves. As noted above, hydrodynamics has not been completely overwhelmed in the late stage in these systems; what is located by this method is expected to be an estimate of the crossover's lower bound.
At higher surfactant concentrations, this method does not apply because it is difficult to determine the slope of the growth curve. Alternatively, fluctuations in the growth curve over the ensemble ͑for example, Fig. 5͒ may be used. How- ever, because the crossover is probably not very sharp and, even if it is sharply defined, to quantitatively and unambiguously locate it requires more samples in the ensemble, these two methods cannot unequivocally locate the crossover ͓21͔.
B. Trapping of surfactants
Reference ͓8͔ has demonstrated that surfactants are likely to be trapped in domains when the system has high fluidity and has surfactant concentration that is higher than a thresh- There it was shown that, although it is also theoretically possible to trap the surfactants in domains when hydrodynamic effects are absent, trapping is realized in practice only when the motion of domain boundaries is accelerated by hydrodynamics. The absence of this phenomenon in systems without hydrodynamic effects suggests that trapping is not due to micelle formation, further confirming the important role of hydrodynamics. However, to observe this trapping phenomenon in real systems, one cannot ignore thermal fluctuations. Since thermal fluctuations and the induced convection help the trapped surfactants diffuse, the trapping phenomenon may soon disappear. It is therefore necessary to investigate how effective thermal fluctuations are in removing trapped surfactants. A preliminary simulation, with the largest possible thermal fluctuations included, performed in Ref. ͓8͔ was not long enough to give a crude estimation for the lifetime scale of the trapping phenomenon. Our more extensive simulations here, which are five times longer, still see no sign of the complete escape of the trapped surfactants ͑though some do succeed in finding their ways to the interfaces, as expected͒ when the fluidity takes the maximum possible value ͓8͔. Surfactants are seen trapped up to the end of the simulation (tϭ2.5ϫ10 6 ) in all samples at ͗͘ϭ0.3, 0.35, 0.4, and 0.5. Three of the five samples at ͗͘ϭ0.25 show trapped surfactants, but only one sample is able to keep them trapped till the end of the simulation. ͑The threshold concentration ͗͘ c above which trapping can be observed has been estimated to be slightly larger than 0.2 ͓8͔. Simulations carried out here confirm this estimation.͒ These results suggest that the trapped surfactants in systems having high surfactant concentrations, for example, ͗͘ ϭ0.4 and 0.5, can be very long lived, compared with the time the system needed to achieve well-separated domains. ͑Domains are already well separated at tϷ5ϫ10 4 , so the lifetimes of the trapped surfactants can easily reach a few hundred times this time scale.͒ Since the orientations of surfactant molecules are not included in the model used here, the configurations of the trapped surfactants are not specified. The trapped surfactants presumably can form micelles. This suggests that formation of micelles may be enhanced by phase separation of the host solution.
While thermal fluctuations help decrease the amount of surfactants trapped, on the other hand, trapped surfactants can also be created by thermal fluctuations even in the late stage. It is expected that the presence of surfactants will eventually stop the domain growth. The stopping of growth can be seen in systems without thermal fluctuations, whether hydrodynamic effects exist or not, as demonstrated in Fig. 17 of Ref. ͓8͔. When there are thermal fluctuations, as shown here in Fig. 4 , it will take a time much longer than our simulation to see the end of growth. This is because thermal fluctuations help the length scale grow by shuffling the surfactants at the interfaces and evaporating small domains. The latter process can create new trapped surfactants in the late stage. Figure 6 shows an example. This figure is taken from the third sample in Fig. 2͑d͒ . While the domains change rather little from tϭ5ϫ10 5 (ϭ10 5.7 ) to tϭ1ϫ10 6 ͑the biggest change being the slight withdrawal of the peninsula labeled by A͒, there are significant changes ͑evaporation of small domains͒ from tϭ1ϫ10 6 to tϭ1.6ϫ10 6 (ϭ10 6.2 ). ͓These changes are responsible for the sudden drop from t 6 to tϭ10 6.1 in Fig. 3͑d͒ .͔ Newly trapped surfactants can be seen at the places where domains have evaporated.
We do not know of any experimental evidence for this trapping phenomenon. One possible way to observe it experimentally is to bring the system away from the quasiequilibrium state that it achieves at late times. Then the trapped surfactants may become nucleation sites that can be observed. Note that, according to the argument given in Ref.
͓8͔, the specific form of the model free energy used, Eq. ͑2.1͒, is not responsible for the trapping of surfactants. It is expected that, as long as the equations of motion are given by Eqs. ͑2.2͒, any model free energy should be capable of displaying this phenomenon. Dimensionality and boundary conditions may change the specific form of Eq. ͑2.2c͒; however, these will not change the conclusion provided the velocity field is slaved.
IV. CONCLUSION
We have shown that there exists a crossover from the hydrodynamic regime to the thermal fluctuation regime in a phase-separating binary fluid/surfactant system. The cross- 6 . This withdrawal eliminates the smaller peak ͑solid line͒ seen around cell 96 in the corresponding profile plots. The main changes from tϭ1ϫ10 6 to t ϭ1.6ϫ10 6 are the complete evaporation of a circular island and the shrinking of a slender island to a small ellipse in the upper part of the system. Careful inspection of the density profile reveals that the foot of the peak ͑solid line͒ to the right of cell 32 never stops moving to the right, indicating that thermal fluctuations keep sharpening the interfaces. This interface sharpening is not discernible in the ''hardened'' system ͓18͔ displayed by the plots in the left and middle columns.
over depends on the average surfactant concentration, and increasing surfactant concentration brings the crossover to an earlier time. As the surfactant concentration increases, this crossover will move closer to the first crossover where the system crosses from the Cahn-Hilliard-Cook regime to the hydrodynamic regime. There should exist a critical concentration above which thermal fluctuations overwhelm hydrodynamics at all times. Simulations confirm the existence of the crossover and, qualitatively, its dependence on the concentration of surfactants. Simulations also show that surfactants can be trapped in domains for a very long time, much longer than the time needed for the binary fluid too become well segregated. It is therefore possible to observe this trapping phenomenon ͑as far as its lifetime is concerned; real systems may not have the high fluidity needed to trap surfactants͒ and formation of micelles may be enhanced by this phenomenon. The trapped surfactants may also serve as nucleation sites when the system undergoes a second quench.
The analytical arguments given in Sec. III A for the crossover and in Ref. ͓8͔ for trapping are based on a general equation, Eq. ͑3.1͒, which is applicable when the binary fluid has been well segregated, and on a set of general kinetic equations, Eqs. ͑2.2͒. Therefore, models based on a Ginzburg-Landau free energy other than Eq. ͑2.1͒ are expected to be able to display the same crossover and trapping found in the current model. Since the arguments do not rely on the system's composition, we believe that the condition ͗͘ϭ0 ͑critical quench͒ is not essential for the existence of the crossover and the trapping phenomenon. Finally, neither dimensionality nor boundary conditions changes the arguments substantially, so it should be straightforward to generalize them to other two-dimensional systems with different flow fields, such as Langmuir monolayers ͓22͔ and threedimensional systems. ͓8͔ it is shown that logarithmic growth laws and algebraic growth laws work equally well because the true growth law is far more complicated and contains many parameters. Both can be used to fit the data. ͓21͔ The two methods are complementary. When two slopes can be clearly seen in the growth curve regardless of the number of samples included, there is no point in using the other method. When the second slope cannot be unambiguously determined for all ensembles, using the slopes to locate the crossover is not reliable. We find the borderline between these two methods is around ͗͘ϭ0.35. 
ACKNOWLEDGMENT

